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Abstract-A spectral scheme for viscoelastodynamic fracture problems in anti-plane shear (mode
III) loading conditions is presented. The numerical method is based on a spectral representation of
the exact viscoelastodynamic relations between tractions and displacement discontinuities along the
fracture plane. It allows for a precise and efficient investigation of dynamically loaded stationary or
propagating cracks or faults in a viscoelastic medium, and incorporates a wide range of cohesive
models used to characterize the failure process in the vicinity of the propagating crack tip. Various
viscoelastodynamic fracture problems involving stationary and moving cracks are presented and
contrasted with their elastic counterparts. © 1997 ElseVIer Science Ltd.

l. INTRODUCTION

When a crack or a fault propagates dynamically in a linearly elastic material, the strain
energy released by the crack advance is spent in the form ofelastic waves and in the creation
of new surfaces. If the material is viscoelastic, part of the energy is dissipated by the
surrounding medium. The relative importance of the energy transfer mechanisms depends
on the time scales at which these mechanisms take place. Quantifying this "competition"
between elastodynamic and dissipative effects is of prime interest in modelling the failure
behavior of viscoelastic structures.

While a relatively large number of papers have been published on the dynamic failure
oflinearly elastic materials (Freund, 1990), limited information is available on the dynamic
loading and/or rapid propagation of cracks in viscoelastic media. The first paper dedicated
to the viscoelastic effect on dynamic fracture mechanics was written by Willis (1967)
who investigated the steady-state motion of a semi-infinite crack under anti-plane shear
conditions in a standard linear solid. This pioneering work was extended by Walton (1982)
to a more general class of viscoelastic materials. The problem of steady-state propagation
of a crack in a viscoelastic material has also been the focus of Atkinson and Popelar, who
considered dynamic crack propagation in a viscoelastic strip under both anti-plane shear
(Atkinson and Popelar, 1979) and tensile loading (Popelar and Atkinson, 1980) conditions.
This type of analysis has also been extended to the nonhomogeneous case (Herrmann and
Schovanec, 1994) and the delamination problem (Sills and Benveniste, 1981; Ryvkin and
Banks-Sills, 1994).

Due to the complexity of the relations involved, very few transient viscoelastodynamic
results have been obtained so far. Most transient problems solved to date involve the
idealized two-dimensional case of a semi-infinite crack that suddenly begins to propagate
at a constant velocity under anti-plane shear (Atkinson and List, 1972; Herrmann and
Walton, 1991) or tensile loading (Goleniewski, 1988; Herrmann and Walton, 1994). The
transient problem of an accelerating semi-infinite crack under anti-plane shear conditions
has also been investigated by Bourne and Walton (1993) based on a method developed
earlier by Walton and Herrmann (1992). They were able to obtain a closed-form expression
of the resulting space-time integral formulation of the viscoelastodynamic problem for the
Achenbach-Chao class ofviscoelastic materials. These recent developments are presented in
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a paper by Walton (1995), together with a n:view of previous work on dynamic viscoela.stic
fracture mechanics.

A different type ofviscoelastodynamic fracture problems has been recently investigated
by Georgiadis et al. (1991) and Georgiadis (1993) who have presented a method to analyze
the behavior of stationary cracks under a variety of dynamic loading conditions (a.nti
plane shear, torsional and plane loading). The method presented there is based on the
correspondence principle and extends to the viscoelastic situation the integral transform
method used by Chen and Sih (1977) to obtain the evolution of the dynamic stress intensity
factor for various linearly elastic problems. The final step of the analysis, involving an
inverse Laplace transform, was performed numerically.

As it has been alluded above, most of the analytical solutions involving the propagation
of fast cracks in viscoelastic media have dealt with simplified geometries (semi-infinite
cracks), loading conditions (20 anti-plane shear or tensile loading) and crack motion
(steady-state or instantaneous acceleration). The complexity associated with the time
dependent material behavior precludes the analytical treatment of more complex situations
involving finite-size 20 and 30 planar cracks subjected to any time-dependent mixed-mode
loading conditions and propagating (or arresting) spontaneously. The objective in this
series of papers is to develop an efficient numerical scheme that is able to tackle a wide
variety of 20 and 30 viscoelastodynamic fracture problems.

]n a recent paper, Geubelle and Rice (1995) have presented a spectral scheme for 30
dynamic fracture problems in homogeneous linearly elastic solids. The numerical scheme,
which incorporates any combination of the three fracture modes, allows for an efficient and
precise investigation of a wide range of problems involving the dynamic loading and/or
rapid propagation of planar cracks and faults ofarbitrary shapes in a homogeneous linearly
elastic infinite body. The spectral formulation, which embodies an exact elastodynamic
representation of the relation between the Fourier coefficients of the traction stresses on
the fracture plane and the corresponding displacement discontinuities, is the 3D extension
of an earlier anti-plane 20 formulation used by Perrin et al. (1994) to investigate the
dynamic effects associated with various friction laws. The numerical characteristics of the
anti-plane elastic spectral scheme have been reviewed by Morrissey and Geubelle (1997),
who also showed how the numerical procedure can be used to simply and accurately extract
the dynamic stress intensity factor.

This numerical scheme iis based on a special formulation of the elastodynamic relation
existing between the traction stress along the fracture plane and the associated displacement
discontinuities. The formulation involves a convolution term which is expressed in the
spectral domain as a time convolution over the past displacement (or velocity) history The
relation between the real (spatial) and spectral domains is obtained efficiently through
a FFT algorithm. The phenomena associated with dynamic crack propagation can be
investigated by combining the spectral scheme with any type of cohesive relations used to
simulate the failure of the material on the fracture plane, ranging from simple linear cohesive
laws (Geubelle and Rice, 1995) to more complex rate- and state-dependent friction models
(Perrin et al., 1994).

Since most viscoelastic problems are precisely characterized by the presence of time
convolution integrals associated with the integral representation of the time-dependent
material behavior, this numerical scheme is particularly suited to investigate vis
coelastodynamic problems: "all that is needed" is to combine the viscoelastic and ela
stodynamic effects in a single convolution kernel. However, the incorporation of the vis
coelastic effect in the spectral formulation is somewhat more involved and the
viscoelastodynamic formulation presents some major differences from the linearly elastic
situation. The objective of this paper is to summarize these differences in the simpler anti
plane shear case, which despite its relative simplicity, contains most of the characteristics
of the more complex fully 3D viscoelastic problem.

In the next section, a description of the mode HI dynamic fracture problem is provided,
followed by the basic relations used to characterize the surrounding viscoelastic medium.
Then, the main steps leading to the derivation of the spectral form of the viscoelastodynamic
equations and the associated numerical implementation are summarized in Section 3.
Section 4 contains validation problems assessing the precision and stability of the numerical
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scheme. Finally, fracture problems involving non-moving and moving cracks in viscoelastic
media are presented and contrasted with elastic analyses in Sections 5 and 6, respectively.

2. PROBLEM AND MATERIAL DESCRIPTION

The objective of this paper is to develop an efficient numerical scheme to study the
various dynamic fracture phenomena associated with the dynamic loading and/or the rapid
propagation of a finite size planar crack in infinite viscoelastic homogeneous materials. Let
the Cartesian coordinate system (Xl, X 2, X3) be chosen such that the fracture plane is denoted
by X2 = O. Since the present paper is concerned exclusively with the 2D anti-plane shear
problem, it is assumed that all field quantities are independent of X3' and we denote the sole
displacement component in the xrdirection by w(x I' X2, t). The viscoelastodynamic fracture
problem to be solved numerically with the spectral scheme described hereafter can be
summarized as follows: starting at time t = 0, a space- and time-dependent anti-plane shear
loading r~ (x I, t) is suddenly applied on the initially stress-free and quiescent fracture plane.
The externally applied loading generates a displacement discontinuity across the portion
of the fracture plane where the pre-existing flaw was located. As the crack opens, dynamic
stresses build up in the vicinity of the crack tips. When the traction stress exceeds the
failure strength of the surrounding viscoelastic medium, the crack starts to propagate
spontaneously. The failure process of the surrounding material is assumed to be constrained
to the fracture plane and is incorporated in the numerical scheme through a very general
cohesive law. Since the size of the crack and, thereby, the problem geometry evolve spon
taneously (i.e., are part of the solution itself), this class of dynamic fracture problems is
inherently nonlinear and necessitates the use of a numerical tool, even in the simpler case
of2D anti-plane shear loading conditions. Even when the failure strength of the surrounding
medium is too high to allow for any propagation of the pre-existing flaw, the solution will
be characterized by a highly complex transient wave pattern which also precludes a purely
analytical treatment, especially in the viscoelastic situation considered in this work.

Before deriving the major steps leading to the spectral form of the integral equation
which serves as the basis for the numerical scheme proposed hereafter, let us summarize
the material description used in this paper.

Let 8,3 = w.,/2 (Q( = 1,2) be the non-vanishing strain components related to the cor
responding stress components (J,3 through the conventional general viscoelastic differential
form of the constitutive relations

(1)

where flo is a normalizing factor with stress dimensions, while P and Q are differential
operators expressed as

r an
P= I a-'

n~O n ar'

By introducing the Laplace transform

s an
Q = L: Cn -·

n=O ar
(2)

j(p) = £l[f(t)] = LOX) j(t) e-pl dt,

the constitutive relation (1) can be rewritten as

where m(p) is the dimensionless Laplace transform shear modulus given by

(3)

(4)
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Fig. I. Schematic evolution of the relaxation shear modulus.

(5)

When r = s = N as is the case for solids, 110 is the instantaneous (elastic) shear modulus,
and the relaxation modulus in shear can be expressed, after reduction to partial fractions,
as a sum of exponential terms in the time domain,

(6)

where /locc is the fully relaxed shear modulus and N and Tn are related to material properties
(Hilton, 1964). A schematic of the evolution of the relaxation shear modulus is prese:nted
in Fig. I. The instantaneous modulus is then given by

N

Ilo = Iloo + L lin-
n=l

3. SPECTRAL FORMULATION AND NUMERICAL IMPLEMENTATION

(7)

The basic derivation of the spectral formulation of viscoelastodynamic problems is
somewhat similar to that of the elastodynamic case described in Perrin et al. (1994) and in
Geubelle and Rice (1995). For completeness purposes, the main steps of the viscoe'lastic
derivation are summarized here.

The out-of-plane displacement w(x" Xz, t) satisfies, on the (x" X2) plane, the viscoelastic
wave equation

(8)

where the operators P and Q have been introduced in (1), and p is the constant mass de:nsity
of the material. In preparation for a Fourier series approximation of the solution, we
examine a single spectral mode
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and rewrite the wave eqn (8) as

where the primes denote differentiation with respect to X2 and

765

(9)

(10)

(11)

In the latter relation, we choose the complex square root to have a non-negative real part,
while cip) is the Laplace transform shear wave speed and is given by

'2 () 110, () 2' ( )c., p = pm p = csom p , (12)

where Cso = J 110/p is the shear wave velocity corresponding to the initial modulus and will
be used throughout the present analysis as the reference shear wave speed. The solution to
(10) for the upper plane (x2 > 0) is

(13)

Let r3(xj, t) denote the traction stress along the fracture plane as

(14)

Using the constitutive relations (4) and the displacement solution (13), one can express the
Fourier coefficients of the traction stress T(t; q) along the fracture plane as

where D(t; q) is the Fourier coefficient of the displacement jump b(xj, t) across the fracture
plane defined as

At this point, the instantaneous response is extracted as

110 •
[rex I, t)]insl = - -2 b(X I, t),

cso

(16)

(17)

where the dot denotes differentiation with respect to time. The solution (15) is then rewritten
as

A 110 A Iqlllo [- , , p ] A

T(p; q) = - -2pD(p; q) - -2- as(p; q)m(p) - -I1- D(p; q),
~ - q~

where the expression of as(p; q) is obtained by combining (11) and (12).
In the time domain, (18) becomes

(18)
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(19)

where the externally applied traction stress ,~(x l,' t) (associated, for example, with the
arrival of a plane wave) has been added and wherej(xb t) is a convolution term, the Fourier
coefficient of which is given by a convolution over the past displacement history as

F-( . ) - /lolql I' R ve (I 1 ')D( ")1 I d't,q - --2- 0 ILl qcsot. t-t,q qcso t. (20)

The viscoelastic convolution kernel Ri'fI(T) appearing in (20) is the inverse Laplace trans
form of the bracketed term in (18).

The Laplace transform of the convolution kernel is quite complicated and its Laplace
inversion must, in most cases, be performed numerically. Among the various algorithms
available, the DAC method, named after Dubner, Abate and Crump (Dubner and Abate,
1968; Crump, 1976), has bt:en shown to be particularly reliable and efficient and will be
used in the present analysis. Details on the numerical Laplace inversion can be found in
Georgiadis (1993).

The convolution kernel depends on the material parameters used to characterize the
viscoelastic response (6). For the sake of illustration, the remainder of the spectral method
presentation will focus on a simple viscoelastic model, the standard linear solid (SLS)
model. The more general case involving a Prony series representation of the material
response is described in the Appendix. The relaxation shear modulus for the SLS model is
given by

/lo [ (1 +~ )JII( t) = 1+ ~ 1+ ~ exp - -,- t , (21)

where ~ = [(/lo//l,",)-I] and ,/(1 +~) is the (sole) re:laxation time.
The corresponding Laplace transform dimensionless shear modulus defined by (5) is

. p+l/t
m(p) = p + (1 +';)/'

Substituting (22) into (11), (12) and (18), and defining s = p/(Iqlcso), one obtains

ve ~ ( b,; ) ( s+b )
2'[Rm(T)] = V1+s 1+ s+7; s+b+b~ -s,

where the nondimensional parameter b is given by

(22)

(23)

(24)

and combines the effects of both the relaxation time, and the mode number Iql. As will be
discussed subsequently, this parameter plays a significant role in characterizing viscodastic
effects and strongly influences the precision and stability of the numerical scheme. Even for
the simpler case of the SLS mode described here (and afortiori for the more complex Prony
series model described in the Appendix), a closed-form expression of the convolution kernel
RifI(T) is so far beyond reach, except in the elastic limit (~ = 0 and/or, -+ (0) for which
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(25)

where J I (T) is the Bessel function of the first kind.
The DAC algorithm used for the numerical inversion requires that the Laplace-domain

expression of the convolution kernel vanish for large values of s. Since

(26)

we rewrite the convolution kernel as

(27)

to adequately capture its behavior at the origin.
The expression of the time-dependent Fourier coefficient of the convolution term is

thus

E'( . ) _Ilolql bJ'D( .) Ilolql ft eve (I I ')D( ")1 1 d'£'I,q --4-" I,q --2-Jo III qCsol I-I ,q qcso I, (28)

where the Laplace transform of the kernel CIll(T) is obtained from (23) and (27). The
numerically inverted convolution kernel CIll(T) is presented in Figs 2a and 2b for ~ = I
and 10, respectively. By combining (24) and (28), we obtain the final spectral expression of
the viscoelastodynamic equation on the fracture plane as

(29)

where the Fourier coefficient of the convolution term is now

(30)

Note the appearance ofa new term on the right-hand side of (29) : the term proportional
to the displacement discontinuity is characteristic of the viscoelastic problem and vanishes
in the elastic limit (~ = 0 and/or, -> (0).

The variation of CIll(T) shown in Fig. 2 suggests three important comments: firstly,
unlike in the elastic case where all Fourier modes have the same kernel, the viscoelastic
kernel strongly depends on the mode number Iql through the parameter b = l/(Iqlcso')'
such that every spatial mode will have a different convolution kernel. Secondly, as b becomes
smaller (i.e., as Iql and/or, increase), the viscoelastodynamic kernel approaches its elastic
counterpart JI(T)/T. Finally, the convolution kernel experiences a severe drop for small
values of its argument, especially for larger values of b. This fact is further illustrated on a
logarithmic scale in Fig. 3.

The value of the convolution kernel at the origin is

(31)

It increases rapidly with b and becomes unbounded as b -> 00, i.e., as q -> 0 and/or, -> O.
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Fig. 2. Viscoelastodynamic mode III convolution kernel Crl(T) for ¢ = I (a) and ¢ = 10 (b),
showing the strong dependence on the mode number q (appearing in the non-dimensional number

b = l/1qlc,."T).

The rapid vanatlOn of the kernel in the vicinity of the origin has an important
consequence on the precision of the numerical scheme and will be investigated in the
validation studies described in the next section. However, the unbounded initial value of
the kernel for the constant mode (q = 0) creates a second major distinction between the
elastic and viscoelastic problems. Since the unique (mode-independent) elastodynamic
convolution kernel J 1(T) / T is finite for all values of its argument, it is clear from (20) that
the constant mode (i.e., corresponding to q = 0) does not at all contribute to the convolution
term. In the viscoelastic case, however, the integrand tends to infinity, resulting in an
indeterminate form which can only be removed by rewriting the viscoelastodynamic equa
tion for the constant mode (q = 0).
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By taking the limit of (18) as q -. 0, the Laplace-transform relation between the Fourier
coefficients of the traction stress and the displacement jump for the constant mode becomes

~ J-lo ~ J-lo [ I P+ l/r ] ~
T(p; 0) = - -2pD(p; 0) - -2 P. i (1 ):)/ - p D(p; 0).

C.W Cso \JP+ +", r
(32)

The bracketed term in (32) is the convolution kernel for the constant mode. Note that it
vanishes in the elastic limit as described earlier. Following the same procedure as used in
(26) and (27), the Fourier coefficient for the constant-mode convolution term can be shown
to be

( it (t') dt'P(t;O) = J-lo_D(t;O)_~ c~e - D(t-t';O)-,
4 csor 2csor 0 r r

(33)

where c~e(T) is the constant mode (Oth spectral mode) convolution kernel given by

where /0 and /} are modified Bessel functions. The constant mode convolution kernel is
illustrated in Fig. 4 for various values of (.

The final form of the constant mode convolution term I(Xb t) to be used in (29) is
obtained by subtracting the first term on the right-hand-side of (33) to yield
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i' (t') dt'F(t;O) = - 2
flo

- c~e - D(t-t',O)~.
e",' 0' ,

(35)

In conclusion, the spectral form of the relation between the viscoelastodynamic traction
stress along the fracture plane and the corresponding crack opening displacements and
velocities are given, for the SLC class of viscoelastic materials, by (29), (30) and (35), with
the convolution kernels given by (23) and (27) for the non-zero modes, and by (34) for the
constant mode. To complete the formulation and obtain the numerical implementation,
the dynamic stress '3(X], t) is compared with the strength to determine whether failure
occurs: if the absolute value of the dynamic stress at a particular location is inferior to the
current local value of the strength, no failure takes place and no further opening of the
crack is allowed. But if the dynamic stress exceeds the local value of the strength, the
material fails at that location and the crack opening velocity <S(x], t) is computed using (29)
with the current value of the strength on the left-hand·-side of the equation.

As the material fails, its strength deteriorates. One of the main advantages of the
proposed numerical method is that it allows the incorporation of a wide range of cohesive
models to describe the failure process. This cohesive model can be expressed in general form
as a general relation between the: strength S and the current and past values displacement and
velocity, the location and the time, as in

(36)

The numerical implementation of the spectral formulation is similar to that of the
elastic problem described in detail by Geubelle and Rice (1995). It starts with the dis
cretization of a portion X of the fracture plane into M equally spaced elements, defining a
grid with uniform spacing .ilx = XIM. The crack opening distribution l5(x], t) and the
convolution termf(x], t) are expressed in a Fourier series as

(37)

where the time-dependent Fourier coefficients Dm(t) and Fm(t) are related through (30) for
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the non-zero modes and (35) for the constant mode. The value of the mode numbers q to
be used in (30) can be found by direct comparison between (9) and (37). The transition
between spectral and spatial domains is achieved very efficiently by using a FFT algorithm
with the predefined grid points as sampling points. The convolution integrals appearing in
(30) and (35) are evaluated numerically using a simple trapezoidal rule. Finally, an explicit
time-integration scheme is used to compute displacement distributions from velocity dis
tributions. Letting gi,n = g(i L1x, n L1t) denote the space- and time-discretized value of a
function g(Xb t), we can summarize the algorithm for rate-independent cohesive models as
follows:

(I) impose the initial conditions (n = 0) (i = I, ... , M) : 8 j,0 and <~j,O known; bi,o = °
(2) compute the initial velocity distribution

i _ 2cso " (0) I 0 I '
Ui,O - -SIgn <3;,0 max( <3i,0 -5;,0,0)

/10

(3) for each time step
(3.1) update the crack opening displacement distribution:

(3.2) update the applied stress <L and the strength distribution 8 i,n based on the
current position of the crack and current or past values of the displacement

(3.3) perform a FFT on the current displacement distribution: Dj,n = FFT(bj,n)
(3.4) perform the convolution on the Fourier coefficients of the past displacement

history with appropriate kernel to find the Fourier coefficients of the con
volution term Fi,n

(3.5) perform an inverse FFT to find the convolution term :j;,n = FFT-1(Fi,n)
(3.6) compute the current dynamic stress distribution:

(3.7) compute the updated velocity distribution with (29) by comparing the
dynamic stress and the strength:

If the cohesive model is rate-dependent, i.e., if the strength of the surrounding medium
depends on the crack opening velocity in (36), the strength update (Step 3.2) and the
velocity computation (Step 3.7) have to be performed simultaneously. Note that the differ
ence between the cracked and the uncracked portions of the fracture plane is simply
determined by comparing the current value of the dynamic stress with that of the strength:
failure will take place where the dynamic stress exceeds the strength. The crack corresponds
to the region for which the material has completely failed, and the strength is down to zero.

As emphasized by Geubelle and Rice (1995), the main advantages of the spectral
scheme are its simplicity, its efficiency and its easy adaptability to massively parallel
computers. It however suffers from two limitations associated with the use of the Fourier
series representation (37) of the solution. The first one is the artificial spatial replication of
the fracture event on the fracture plane. This issue has been addressed in a recent paper by
Cochard and Rice (1996) who have eliminated the periodicity while maintaining the spectral
form of the elastodynamic relations by taking X equal to twice the size of the crack, and
by introducing a slightly different convolution kernel. The second problem is the possible
appearance of a numerical imprecision associated with finite Fourier series representation
of functions with non-vanishing spectral content (Gibbs phenomenon). This effect was
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however shown to be in most cases very limited and could be avoided through the use of
more advanced uniformly convergent spectral methods (Gottlieb et al., 1992).

The next section describes validation examples used to characterize the precision and
stability of the developed scheme.

4. VALIDATION OF THE NUMERICAL SCHEME: MODAL ANALYSIS

The modal analysis consists of investigating the dynamic response of a single spectral
mode to a sudden step-like loading. The strength on the whole fracture plane is assumed
to be zero. This method was introduced by Geubelle and Rice (1995) to investigate the
precision of the linearly elastic spectral scheme in mode I, and later used by Morrissey and
Geubelle (1997) to characterize elastodynamic mode III solutions. The advantages of this
analysis are twofold: Firstly, it allows one to extract from the total numerical error
associated with the spectral scheme the imprecision associated with the forward and back
ward FFT. Secondly, it allows one to precisely quantify the error associated with each
mode q appearing in the Fourier series representation of the displacement distribution (37)
and with the choice of time step ~t used to calculate the crack opening along the fra,~ture

plane using the velocity distribution.
Let the externally applied traction stress on the fracture plane by given by

(38)

where H(t) is the Heaviside step function. Combining (15) and (38), the corresponding
velocity response for non-zero modes (q /:: 0) in the Laplace domain becomes

(39)

In the time domain, the opening velocity can be expressed in nondimensional form as

(40)

where with the aid of (11) and (12)

(41)

with the nondimensional parameter b defined in (24). The analytical solution of the modal
problem, expressed by (40) and (41), is obtained by a numerical Laplace transform inversion
using the aforementioned DAC technique and is shown in Fig. 5. Note that in the linearly
elastic case, ~ = 0 or l' --+ c(), the nondimensional velocity (40) becomes r(t) = Jo(lqlcst)
(Morrissey and Geubelle, 1997).

Figure 5 illustrates the competition between viscoelastic effects, which tend to decrease
the shear modulus resulting in an increased velocity response and the elastodynamic effects,
which lead to oscillatory velocity responses of decreasing amplitude (as illustrated by the
elastic solution represented by the solid curve in Fig. 5). As emphasized in the semi
logarithmic plot given in the insert of Fig. 5, the initial response is greatly influenced by the
material relaxation behavior. For large values of l' (i.e., small values of b), elastodynamic
effects have more influence on the solution than viscoelastic effects. For smaller values of l'

(i.e., large values of b), the opposite is true due to material relaxation. Thus, for smaller
values of 1', the velocity response initially increases, as a result of relaxation, before the
elastodynamic effects bring the solution to zero. This competition between the viscoelastic
and dynamic effects is also characteristic of the way in which the velocity "dies out" for
large times. The modal solution shows a distinct transition between the two limiting
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Fig. 5. Exact solution of the modal problem for ~ = I and for various values of b. The insert shows

the small-time solution on a semi-logarithmic scale.

elastic solutions: The first one corresponds to the initial modulus J1.o and is given by
r(t) = Jo(lqlcsl) ; the second elastic solution is associated with the fully relaxed modulus J1.XJ
and is expressed as r(l) = ~Jo(~lqlc,I). For intermediate values of b (b ::::::: 1), the
solution experiences rapid damping, which could readily be seen from the variation of the
viscoelastodynamic convolution kernel in Fig. 2.

The numerical implementation of the spectral scheme takes a very simple form in the
modal analysis. Let the discrete nondimensional crack opening displacement be defined by

D(nill)
dn = D(O) ill' (42)

where M is the time step used in the time integration scheme. The convolution integral (30)
is discretized using the trapezoidal rule, yielding, with the aid of (29) and (42),

(43)

where y = Iqlcsoill, and

(44)

In the elastic case, y is the only parameter needed to quantify the effects of both the time
step ill and the mode number q on the precision and stability of the numerical scheme
(Geubelle and Rice, 1995). In the viscoelastic case, two parameters are needed, y and b.
Note that one can isolate the effect of the time step ill by comparing it with the material
related time constant r as

M
(= yb =~.

r
(45)

The numerical formulation of the modal problem is completed by an explicit time inte
gration scheme, written in a nondimensional form as
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(46)

Figures 6a and 6b present a comparison between the analytical and numerical solutions for
the non-zero modes for b = 0.1 and 10.0, respectively. In each case, the precision of the
numerical scheme decreases as y increases, since a higher y corresponds to a larger value of
/).[ in the discretized time-convolution integral (43) and in the time-stepping scheme (46).
For large values of y, the numerical method becomes unstable and stability limit (i.l~., the
maximum value of y for which the numerical scheme remains stable) decreases as b increases.

The quantify the precision associated with each mode and with each time step, we
define a precision factor Ps as the ratio of the numerical value of the peak of r(t) during
the 5th period of oscillation to the corresponding analytical one derived from (40) and (41).
A value of Ps less than 1 corresponds to numerical overdamping of the solution, while a
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ratio greater that none is usually indicative of the onset of an unstable solution. The
variation of Ps with respect to y is given in Fig. 7 for the various values of b, showing how
the two nondimensional parameters}' and b affect the precision and stability of the numerical
scheme.

The modal analysis for the constant mode (q == 0) corresponds to the sudden uniform
anti-plane shear loading of an infinite viscoelastic half-plane. The methodology used in this
case is similar to that of the other modes, even though the velocity response is quite different.
As illustrated below, the Oth mode velocity response does not vanish for large times, but
tends to a finite value. A precise capture of this mode is therefore essential. The analytical
solution for the Oth mode is

(47)

where

0(T)=ff- 1 [! r;+1+¢]
9 sV----;+¢

where /0 is a modified Bessel function.
The corresponding numerical implementation is given by

(49)

where
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Qj = ~ [c~e«(j-Im +C~e(jm, (50)

and' is the only relevant nondimensional parameter and is defined in (45), and C~'(T) is
described by (34).

The numerical and analytical modal solutions for the constant mode are compared in
Fig. 8. As the time step size !J.t increases, the precision of the numerical scheme decreases.
If one measures the precision of the scheme as the ratio of the numerical and analytical
asymptotic values of r(t) (Fig. 8), a value of , ~ 0.02 guarantees a numerical error of less
than I % in the constant mode solution. This condition will determine the value of the time
step f..t to be used in practical simulations, as described in the next section dedicated to the
simulation of dynamically loaded non-propagating mode III cracks.

5. SUDDEN MODE III LOADING OF A STATIONARY CRACK

As a first application of the viscoelastodynamic spectral scheme, the classical problem
of a finite-size crack of length 2a subjected to a sudden uniform constant anti-plane shear
loading '0 is examined. The pre-existing crack is defined as the portion of the line X2 = 0
with zero strength and is prevented from propagating by assigning a very high failure
strength to the part of the fracture plane located outside of the crack. In order to reduce
the influence on the local stress field of the neighboring cracks associated with the spatial
repetition of the fracture event, the length of the crack is chosen as Xj4, where X is the
discretized portion of the fraction plane. Based on the classical static solution of a periodic
array of colinear cracks, the influence of the neighboring cracks on the stress field in the
vicinity of the crack tip (i.e., on the long-time value of stress intensity factor) is then
expected to be less than 4%. A total of 256 spacings of length f..x are used to discretize the
crack, and the time step !J.t is chosen as f..xj2cso (i.e., it takes 2 time steps for the elastic
shear wave to propagate one spacing length). The evolution of the slip displacement and
velocity at the center of the crack is presented in Figs 9a and 9b, respectively, in the linearly
elastic case (solid curves) and for five values of the relaxation time, (dashed curves).

As expected, during the initial times of the simulation (0 ~ csotja ~ 1), the center point
is unaware of the finite size of the crack and its response corresponds to that of an infinite
crack under uniform loading, until the waves emanating from the crack tips reach the center
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point and progressively reduce the velocity to zero. This elastodynamic effect, symbolized
by the solid curves, is also characterized by the so-called dynamic overshoot in which the
displacement discontinuity reaches a maximum at csot = 2a, before approaching the static
limit.

Figure 9 clearly illustrates how the material time-dependent behavior affects the
dynamic fracture response. When the relaxation time r is much larger than the "ela
stodynamic time" (defined as the time of travel of a shear wave along the crack), the
aforementioned elastodynamic effects taken place well before any material relaxation
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occurs; the dynamic response is essentially linearly elastic and the relaxation occurs quasi
statically. However, for smaller r values, the viscous and elastodynamic effects occur
simultaneously and the overall response is quite different; the material relaxation takes
place before the arrival of the crack-tip waves. Furthermore, if these initial waves travel at
the same velocity Cso as in the linearly elastic situation (and therefore hit the center poilnt at
the same time), the constantly changing shear modulus generates a whole "train" of shear
waves with different velocities, thereby greatly reducing the effects of subsequent wave
reflections.

The spectral method has been shown (Morrissey and Geubelle, 1997) to be a simple
and efficient tool to extract the dynamic elastic stress intensity factor K~il(t) characterizing
the near-tip stress singularity. In the viscoelastic case, Kifl(t) can be obtained by use of the
elastic-viscoelastic analogy (Hilton, 1964) and is given by

[
1 fbr rt

• ]
Kiil(t) = VEJ 4'117 Jo (j(t-t')j1(t')dt' , (51)

where j1(t) has been defined in (6) and r is the distance to the crack tip. The evaluation of
the stress intensity factor computed at the left crack tip is illustrated in Fig. 10 in the linearly
elastic case (solid curve) and for the five relaxation times T used in Fig. 9 (dashed curv~.

The stress intensity factor is normalized by the static elastic value K~il(00) = ToJ na.
Material relaxation reduces the dynamic overshoot and shifts it to higher time values. It
also softens the effect of the unloading wave originating from the right crack tip. Note: that,
from (21) with ~ = 1, the shear modulus is within 5% of its fully relaxed value for t!T :> 1.5.

6. PROPAGATI),lG MODE III CRACK

As was mentioned in the introduction, the spontaneous propagation of cracks in a
viscoelastic material is characterized by the "competition" between two energy absorption
mechanisms: the viscoelastic dissipation and the creation of new surfaces. Willis (1967) has
shown that viscoelasticity has an effect on crack propagation behavior, and especially, on
the value of the limiting crack velocity. Due to the material-related energy dissipation, the
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maximum crack velocity in the viscoelastic case is predicted to be smaller than its elastic
counterpart, the (elastic) shear wave speed.

The spectral method presented here is a very efficient tool to investigate the spontaneous
propagation of fast cracks, by allowing for the incorporation of a wide range of cohesive
models to characterize the failure process in the vicinity of the traveling crack tips. In this
preliminary paper dedicated to the anti-plane shear viscoelastodynamic fracture problem,
the cohesive model is assumed to be rate-independent, and a simple linear cohesive law
similar to that introduced in Geubelle and Rice (1995) is used. The rate-dependent effects
of the failure model on the overall propagation behaviour will be examined in a subsequent
paper. The failure process is thus modeled by a linear relationship between the slip and the
strength, starting with an initial value of ." at 15= 0 and progressing to a critical crack
opening displacement 15 = t5C' beyond which the material is assumed to have completely
failed and is unable to sustain any additional load. The energy needed to generate a new
surface is then given by the area under the strength/slip curve, i.e., .et5e/2.

In order to characterize the viscoelastic effect on the limiting velocity Vlimit of a propa
gation mode III crack, a series of simulations have been performed in which a constant
traction .0 = 0.61:e is uniformly applied along the spontaneously expanding fracture surface
in a viscoelastic medium with varying relaxation times •. The evolution of the position of the
leading edge of the right cohesive zone, i.e., the right-most point for which the displacement
discontinuity 15 is non-zero, is presented in Fig. 11. In the description that follows, the
leading edge of the cohesive zone was chosen as location of the crack tip, thereby defining
the extent of the uniform applied loading. As is apparent in Fig. 11, the crack accelerated
and quickly reached a steady-state regime in which a balance was achieved between the
energy associated with the uniform loading of the crack faces and that corresponding to
the creation of new surfaces, the emission of acoustic waves, and viscoelastic dissipation.
The evolution of the trailing edge of the cohesive zone, i.e., the right-most point for which
15 = t5e, is only shown in the case Cso• = 0.4 t5e for clarity purpose. Its behavior is similar to
that obtained by Yang and Ravi-Chandar (1995) in their detailed finite difference analysis
of spontaneous mode III crack propagation in linearly elastic materials: during the initial
transient part of the simulation, the trailing edge of the cohesive zone stays stationary until
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sufficient crack opening is achieved. Then, it accelerates very rapidly and "catches up" with
the leading edge.

As mentioned in the section dedicated to the numerical implementation, the spectral
scheme is based on a fixed uniform spatial discretization. This implies that the spontaneous
crack propagation takes place in a step-like fashion, the crack tip pausing for a few time
steps before "jumping" by one element spacing Ax. The associated transient effects do not
however seem to affect the numerical solution when a fine spatial discretization is adopted,
as is the case here where spatial 1024 elements were used to discretize the portion X of the
fracture plane. As was the case in the previous problem, the time step was chose:n as
At = Ax/2cw In order to accurately capture the cohesive failure, the critical crack opening
displacement be was chosen so as to ensun~ that there would be at least 15 spacing lengths
Ax in the cohesive zone behind the crack tip.

The viscoelastic simulations range between the elastic limiting values Vlimit = Cso =

J J1.o/P corresponding to the initial modulus and Vhmil = Csoc = J 1100/P associated with the
fully relaxed material. In this particular series of simulations, ~ was chosen as 1 (cor
responding to J1.o/l1oc = 2), yielding csoc/cso = 1/)2. Variations of the limiting velocity with
respect to relaxation time is illustrated in Fig. 12. The error bars depict the imprecision
associated with the computation of the slope of the curves presented in Fig. 11. Note that,
even in the elastic limit, the limiting crack velocity is always slightly less than the predicted
value Cso' This is due to the fact that the crack velocity only approaches the wave speed
asymptotically (Freund, 1990). Furthermore, the size of the cohesive zone is then expected
to shrink to zero, which would make it impossible for this numerical scheme to capture the
failure process. As shown in Fig. 12, the material dissipation only affects the propagation
behavior of the crack for fairly small values of the relaxation constant (csoI/be~ 9). For
higher I values, viscoelastic effects do not influence the energy balance that takes place in
the vicinity of the crack tip, and the viscoelastic dissipation occurs well behind the moving
crack tip. For values of csoI/be< 0.4, the viscoelastic effect takes place so fast that the strain
energy flowing into the moving crack tip corresponds mainly to a fully relaxed medium,
yielding a limiting velocity of Csco '

7. CONCLUSION

A series of dynamic fracture problems in a viscoelastic material under anti-plane shear
loading conditions have been investigated using a specially developed spectral scheme. The
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numerical method, which is based on an exact representation of the viscoelastodynamic
relations between stresses and displacements along the fracture plane, provides a very
efficient and accurate tool to simulate dynamic loading and/or spontaneous rapid propa
gation of cracks and faults, and allows to precisely assess the influence of the viscoelastic
dissipation on the overall dynamic fracture behavior of the material.

Using the simpler framework of the anti-plane shear (mode III) problem, this paper
has emphasized the major differences existing between the elastic and viscoelastic spectral
formulations, and the effects of these differences on the stability and precision of the
associated numerical schemes. The main distinction between the two problems is the
appearance of a different viscoelastodynamic convolution kernel for each spectral mode,
implying additional computation and storage requirements.

Among the conclusions of the problems investigated in this paper are:

(1) The strong effect of viscoelastic material behavior on the evolution of the near-tip
field, affecting dynamic overshoot of the stress intensity factor.

(2) The influence of the material dissipation on the energy balance taking place at the
tip of a spontaneously propagating mode III crack, yielding a limiting crack velocity value
inferior to its elastic counterpart.
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APPENDIX

We summarize here the mode III spectral formulation for a general class ofviscoelastic materials characterized
by the Prony series expression (6) of the relaxation modulus in shear. The associated dimensionless Laplace
transform shear modulus m(p) is then given by

(A.I)

The convolution kernel RITI (T) appearing in (20) is expressed as

where

- ( . I ~ Jl.n bnms)= -L....---.
n~' Jl.o s+bn

(A.2)

(A.3)

In the latter, both .1 = pllq[c,o and bn= I/lqlc,oTnare lion-dimensional.
As was the case before, the actual viscoelastodynamic mode III convolution kernel Cif,(T) is obtained by

extracting the limiting value of Rff, (.1)

(A.4)

It can be readily shown that

(A.5)

where T* is the arbitrarily chosen reference relaxation time of the viscoelastic material. The final expression of the
viscoelastodynamic spectral relations is thus

(A.6)

where

The convolution term is again expressed in the spectral domain as

F(t; q) = - Jl.o~ql ECff,(lqIC,ot')D(t- t', q)lqlc,o dl',

for the non-zero modes, and

JI. f.' (t' ) dt'F(t;O) = --2° * C: * D(t-t';O)-;,
Cso r 0 r r

(A.7)

(A.8)

(A.9)

for the constant spectral mode. The convolution kernels appearing in (A.8) and (A.9) are given in the Laplace
domain by (A.2), (A.4) and (A.5) for the lion-zero modes, and by

- MJI. T* IT I N JI. r*C:;'(s) = S 1- L -"---*n__ -s+ - L -"--.
n=1 J10 s+r j7:rl 2 n =1 J1.o 1'n

(A. 10)

The formulation for the SLS can be easily recovered by substituting N = I, T* = T, Jl.1 = Jl.o~/(1 +~) and
T1 = T/(I+~)·


